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A method is proposed for  the determinat ion of intense heat fluxes on the basis of the 
solution of nonlinear equations of heat conduction with various boundary conditions. 

Many technological  problems present ly  require  the determinat ion of the analytical  solution to nonlinear 
equations of heat conduction, permit t ing a deeper  analysis  of the the rmal  p rocesses  in the objects under con- 
s iderat ion.  F r o m  these solutions one can obtain suitable express ions  for  the determinat ion of the heat fluxes 
delivered to the sur faces  being heated. 

This is the very  question discussed in the present  paper.  

We note that in connection with the development of computational technology there  are  now no problems 
in obtaining a numerica l  solution for nonlinear equations of heat conduction. But the existing meth(~ds for the 
analyt ical  solution of these equations are  still distinguished by a cer tain complexity and awkwardness ,  by 
various degrees  of approximation to the exact solution, and by a large amount of working t ime expended in 
computation. There fore ,  the sea rch  for  an analytically simple solution to the nonlinear equation of heat con-  
duction is an urgent  task  and has considerable importance in the study of problems of heat exchange. 

Let us consider  an infinite copper  plate with a thickness R = 50.10 -3 m at an initial t empera tu re :  

t (x, ~)1~=0 = to (1) 

Let a heat flux 

[)~0 + s ( t -  t0) ] 0~x x=0---- --q~ - -  e-~*) : f (T) (2) 

act  on the plane x = 0 of the plate at a t ime T > 0. In (2) it is assumed that h0 = 390 W / m . d e g  and )~1 = --0.0617 
W/m-deg  2, while q0 = 3.107 W/m 2 and 6 = 31.54 1 / sec  are  determined f rom the condition that the function f if) 
descr ibe  the experimental  curve of [1], that being the most  charac te r i s t i c  for  the heating of copper  heat-f lux 
pickups by a h igh- tempera ture  s t r eam.  Let the t empera tu re  of the opposite wall x = R of the plate remain 
constant during the entire heating process  and consequently equal to 

t ( x ,  ~ ) l~=n  = to. (3 )  

F r o m  the solution of the nonlinear heat-conduction equation 

Or Ox (~o§ Ox \ O < x < / ?  '(4) 

with the boundary conditions (1)-(3) we determine the t empera tu re  field of the plate as a function of t ime and 
of the spatial  coordinate x, and then we compare  it with the numerical  solution of the same problera. For  this 
we represen t  Eq. (4), in which we also take the values  P0 = 8900 kg /m 3, C o = 387 J /kg -deg ,  and C 1 = 0.087 
J /kg -deg  2 for  copper,  in the form 

2C ~ 02)= + - -  ao ~ (  (9 2~o 1' (2) 

wher~ @(x, T) = t(x, T) --  t o while a 0 = ko/PoC o is  the thermal  diffusivity corresponding to the initial t e m p e r -  
ature t o . Since the functions 
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and 

(o) = o + z ,  o2 (6) 
2~0 

~p (o) = o + 2c0 (7) 

a r e  continuous in the in te rva l  0 < | < |  they  sa t i s fy  the Di r i eh le t  conditions [2], and consequent ly  they can 
be  r e p r e s e n t e d  in the f o r m  of the following F o u r i e r  s e r i e s :  

where  

| k n O  
r (0) = bhsin On 

k~l 

knO 
r  B ks in  On , 

k=l 

(8) 

(9) 

and 

O/7 

On 6 On 
(10) 

2 oH 
k~O 

B h =  On (ap(O) s i n - -  dO. 
On 

With al lowance fo r  (8) and (9) the s y s t e m  of equations (1)-(3) and (5) can be r ep re sen ted  as 

(11) 

O'~ ['~=l bh Tk + a~ T~, 

k~l !'~0 

Ox ~oe f (x) (k 1) ! 

~ T h x  "=0 
! 

(12) 

(13) 

(14) 

(15) 

or ,  a f t e r  the f o r m a l  appl icat ion of the reduction rule  [3], in the fo rm 

0rh a:rh 
-- ao(z k - -  , Ox Ox 2 

Thl~=o = O, 

OTk I 1 [ (T)(k l  
o---Z x~o-- Xoe 1) ! 

T~Ix-R ~= O, 

(16) 

(i7) 

(18) 

(19) 

where  

e is the base  of the na tura l  l oga r i t hms ,  and 

kaO 
Th = b h s i n - -  

On 
(20) 
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C1 0 [ ( 1 _ _  2 ) 2 ]"  
Bh c o s l e n +  2Co u ~ .  c o s k ~ +  

The so lu t ion  of  the s y s t e m  of equat ions  (16)-(19) p r e s e n t s  no d i f f icu l t ies .  Thus ,  a f t e r  the appl ica t ion  of a 
Lap l ace  t r a n s f o r m  with a subsequent  t r a n s i t i o n  to  the i n v e r s e  t r a n s f o r m  and s u m m a t i o n  o v e r  k,  the solut ion 
has the f o r m  

I 

where  

qo '(R - -  x) - -  qo k~_l 1 - - -  
r "r ~ .Loe = (k--1)! l / a ~  h 

aoO~k ao~Z h e~, o 

R - - x  
| ~ s i n  ~ t , ~  - -  

k=l ~=~ (,~-- 1) t ~ ( a o % ~ 4 R ~ )  R ~ ~ ' 
(23) 

while Pn a r e  the roo t s  of t h e . c h a r a c t e r i s t i c  equat ion cos  Pn = 0. 

Since the m a x i m u m  t e m p e r a t u r e  did not exceed  483.28~ in the n u m e r i c a l  so lut ion of the s y s t e m  of e q u a -  
t ions  (1)-(4), in the d e t e r m i n a t i o n  of the t e m p e r a t u r e  f ield f r o m  Eq.  (22) the  va lues  of ~k  can  be t a k e n  f r o m  
Table  1 with O H = 600~ M o r e o v e r ,  it fol lows f r o m  the table  p r e s e n t e d  that  c h d i f fe rs  f r o m  all  the subsequent  
a k  by an ins ign i f i can t  amount .  C0~S'equbntly, i t  s e e m s  poss ib l e  to  s impl i fy  the so lu t ion  (22) s t i l l  m o r e  if out 
of al l  the a k with O U = 600~ one t akes  t he i r  m e a n  value a0 = 0.91357. Then in the new solut ion (22) the e x -  
p r e s s i o n  (23) obtains  the f o r m  

qo ( R - - x ) -  qo V a~176 To 

V 6  V (R--x) exp (--  5~)+ 
/ 6 2qoRS6 

• sc a #  ~ sin aoao ~o 

R--x sin ~ - -  

X (__ 1)--i R exp - - - -  
2 2 Rz �9 n=, rt,~ (aoa#n --  6R 2) (24) 

In Table  2 we p r e s e n t  a c o m p a r i s o n  of the t e m p e r a t u r e s  fo r  this  v e r y  solut ion (top row) and fo r  the  
n u m e r i c a l  so lut ion at d i f fe ren t  points  of the plate  as  a funct ion of t i m e .  As follows f r o m  the t ab l e ,  the  a b s o -  
lute d i f f e rence  between t h e m  is smal l ,  and in this  s ense  the  solut ion (22) and the n u m e r i c a l  so lu t ion  can be 
c o n s i d e r e d  as  iden t i ca l  to  a c e r t a i n  extent .  

The p r o p o s e d  method  of so lv ing  non l inea r  equat ions  of heat  conduct ion al lows one to  obtain convenien t  
equat ions  fo r  the d e t e r m i n a t i o n  of the  heat  f luxes  r e a c h i n g  the s u r f a c e s  being heated.  Thus ,  by so lv ing  the 
hea t - conduc t ion  equat ion (5) by the method p r e s e n t e d ,  with boundary  condi t ions  of the f o r m  

Oh=R, = ~ (~), 

OIx=R~ = % (% 

a f t e r  s o m e  e l e m e n t a r y  t r a n s f o r m a t i o n s  we find that  

[ 1 
q(*) = ~o (~l (x) - -  @= (~)) (1--[3)R2 

(25) 

(26) 

(27) 

+ ~i (~) + q~2(~)], (28) 
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TABLE 1. Va lues  of the Coeff ic ients  a k  

O H  
k 

2 0 0  4 0 0  6 0 0  8 0 0  l O 0 0  

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

0,97754 
0,96255 
0,96422 
O, 96255 
0,96317 
0,96255 
O, 96282 
0,96255 
O, 96273 
0,96255 
O, 96268 
0,96255 
0,96259 
0,96255 
0,96259 
O, 96255 
O, 96259 
O, 96255 
0,96259 
0,96255 

0,95563 
0,92669 
0,92986 
0,92669 
0,92779 
0,92669 
0,92724 
0,92669 
0,92701 
0,92669 
0,92692 
0,92669 
0,92688 
0,92669 
0,92678 
0,92669 
0,92678 
0,92669 
0,92678 
0,92669 

0,93434 
0,89236 
0,89694 
0,89236 
0,89394 
0,89236 
0,89314 
0,89236 
0,89289 
O, 89236 
0,89271 
O, 89236 
0,89262 
0,89236 
O, 89253 
0,89236 
0,89245 
0,89236 
0,89244 
0,892"36 

0,91348 
0,85944 
0, 86532 
0,85939 
0,86155 
0,85939 
0,86049 
0,85939 
0,86006 
0,85939 
0,85990 
0,85939 
0,85973 
0,85939 
0,85969 
0,85939 
0,85961 
0,85939 
0,85959 
0,85939 

O, 89324 
O, 82785 
0,83483 
O, 82785 
O, 83032 
0,82785 
0,82910 
O. 82785 
0,82862 
O, 82785 
0,82834 
O, 82785 
0,82822 
0,82785 
0,82814 
0,82785 
O, 82805 
0,82785 
0,828O4 
0,82785 

TABLE 2. Dependence  of T e m p e r a t u r e  Fie ld  of P la te  on Spat ia l  mad 
T i m e  Coord ina t e s  

x ,  n m  

T 
0 1 2 3 5 50 

0,045 

0,055 

0,085 

O, 105 

O, 125 

O, 145 

0,165 

O, 185 

0,205 

0,225 

0,245 

0,265 

0,285 

0,305 

107,81 
112,27 
156,15 
161,98 
198,64 
205,39 
235,98 
243,31 
269,16 
276,84 
299,08 
306,93 
326,42 
334,31 
351,72 
359,55 
375,37 
383,07 
397,67 
405,16 
418,85 
426,07 
439,06 
445,97 
458,45 
455,05 
477,12 
483,28 

60,11 
64,25 
98,16 

103,77 
134,34 
140,94 
167,72 
174,97 
198,32 
205,96 
226,48 
234,32 
252,55 
260,47 
276,88 
284,77 
299,76 
3O7,53 
321,41 
328,99 
342,02 
349,35 
361,73 
368,76 
380,66 
387,35 
398,90 
405,21 

31,24 
34,58 
58,72 
63,69 
87,43 
93,58 

115,54 
122,51 
142,36 
149,86 
167,71 
175,54 
191,63 
199,63 
214,27 
222,30 
235,75 
243,74 
256,23 
264,09 
275,83 
283,49 
294,65 
3O2,06 
312,78 
319,89 
330,30 
337,07 

15,05 
17,45 
33,36 
37,37 
54,68 
60,04 
77,07 
83,44 
99,46 

106,55 
121 ,M 
128,93 
142,51 
150,40 
162,88 
170,95 
182,49 
190,62 
201,37 
209,47 
219,58 
227,57 
237,18 
244,99 
254,22 
261,81 
'270,76 
278,08 

2,78 
3,61 
9,15 

11,15 
18,88 
22, 16 
30,99 
35,45 
44.61 
50,07 
59,08 
65,35 
73,97 
80,88 
89,01 
96,40 

104,02 
111.76 
118,90 
126,88 
133,59 
141,70 
148,06 
156,22 
162,28 
170,43 
176,27 
1.~.34 

where  

r (z)= ~ (~)(2 6aoeW2~--~)R2(-~( 1 - -  [~) + e--1)a~ ' 

4 2 (z) -- ~b2 (T) ( 1 - - 2 ~ - - 2 ~  z) R~ ( 1 + e - - l ) ,  

6aoe (1  - -  l~) ~, ~ 

)'t 

*~ (~) = % (~) + -~0 ~ (~)' 

,~ (~) = ~ (~) + -~ -  ~ (~), 

,6 = RI/2, at  = 0.93434, and ~k = 0.89280 is the arithmetic mean of all ak  but the first .  In the given case the 
data needed for the functions r and ~02(v ) can be taken from the solution (22). In practical investigations 
they  m u s t  be t aken  f r o m  the e x p e r i m e n t  at the po in t s  where  the t e m p e r a t u r e  s e n s o r s  a r e  mounted .  
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Fig. 1. Results  of recons t ruc t ion  of the heat flux [1: o r ig i -  
nal dependence (2)}: for  a) 2, 3, 4, and 5 f rom Eq. (28) with 
R 1 =1 m m a n d R  2 = 5 m m ;  2 a n d  5, 1 and 3, and 3 a n d  5 r a m ,  
respect ively;  for  b) 2, 3, 4, and 5 f rom Eq. (30) at a dis-  
tance R = 1, 2, 3, and 5 mm f rom heating sur face ,  q, kW/cm2| 
% see. 

The values of the heat fluxes obtained f rom Eq. (28) as a function of the location of the thermocouples  
are  presented in Fig. l a ,  f rom which it follows that these  data a re  sufficiently close to the values of Eq.  (2)�9 
This conf i rms the fact that the proposed method of so l~ng  nonlinear equations of heat conduction a s su re s  a 
high degree  of accuracy .  

In a number  of prac t ica l  cases  it  s eems  sufficient to mount only one ra the r  than two thermocouples  in 
the heat-f lux pickups. Such a situation can a r i se  when a body is heated over  some t ime in terval  to an insignif-  
icant depth in compar i son  with its length. In this case  the body can be taken as semiinfini te  and the condi-  
tion at infinity should be taken as the second boundary condition, i . e . ,  

Ol,-=| = O. (29) 

Then, solving Eq. (5) with the boundary conditions (1), (26), and (29) by a method analogous to that of the p r e -  
ceding problem,  a f t e r  some simplif icat ions we obtain an equation of the following fo rm for  the determinat ion 
of the heat fluxes: 

q(x) = )~o [e 1 / ~  (,~ ('~) exp l R~ 4aoa(r ] + F~(x)) 

V ao cze-l ( [ 4a~%xR~ ]+F~( '~) ) ]  (30) _r --hx: *l(~)exp 
e 

where 

F, (v) = ~ (x) x {exp [ 1 R~ 
4a0czlT 
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and 

F2 ( ' r)= *i (x)'r {exp [ RI 

4ao~h'r 

The r e s u l t s  of the r econs t ruc t ion  of the heat  f luxes of (2) obtained f rom Eq. (30) a r e  p resen ted  in Fig. l b ,  
as a function of the t i m e  and the posi t ion of the t e m p e r a t u r e  s enso r .  I t  follows f rom the f igure that placing the 
t e m p e r a t u r e  s e n s o r  f a r t h e r  f r o m  the su r face  of the hea t - f lux  pickup being heated leads t o ' g r e a t e r  e r r o r s .  This 
obviously follows f r o m  the violation of the approx imat ion  of the t e m p e r a t u r e  field at a point c lose to the su r face .  

Thus ,  the mos t  re l iab le  r e s u l t s  of q can be obtained in the case  when the t e m p e r a t u r e  m e a s u r e m e n t  is  
made in the i m m e d i a t e  vicini ty of the heating su r face .  

1. 
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S P L I N E  I D E N T I F I C A T I O N  O F  H E A T  F L U X E S  

E .  N .  B u t  UDC 536.629.7 

A method i s  d i scussed  fo r  the de te rmina t ion  of one-d imens iona l  t r ans i en t  heat f luxes f rom the 
expe r imen ta l ly  m e a s u r e d  t e m p e r a t u r e  using a spline approximat ion  of the heat flux with sub-  
sequent  appl icat ion of the p r o c e d u r e s  of p a r a m e t r i c  identif icat ion.  

A t h e r m a l  expe r imen t  can be t r e a t ed  as  a ce r t a in  measu r ing  s y s t e m  with an unknown input,  subject  to 
de te rmina t ion ,  and an output which is  m e a s u r e d  with noise .  A one-d imens iona l  body of finite length with known 
t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s ,  dependent on the t e m p e r a t u r e  in the gene ra l  ca se ,  with a the rmal ly  insulated 
l a t e r a l  s u r f a c e  and with the t e m p e r a t u r e  of the end being m e a s u r e d ,  s e r v e s  a s the  physica l  model of a m e a -  
sur ing  s y s t e m  for  the de te rmina t ion  of a one -d imens iona l  heat flux. Serving as the ma thema t i ca l  model for  
the m e a s u r i n g  s y s t e m  is  a s y s t e m  of equations consis t ing of a d i f fe ren t ia l - -d i f fe rence  sy s t em of equat ions,  ap -  
p rox imat ing  the one d imens iona l  F o u r i e r  heat-conduct ion equation by spa t ia l  quantization at n points ,  and the 

observa t ion  equation: 

~ = AT + BQ, (1) 
= H T + W ,  

where  

T----IT, T2 - . .  T~l t ,  

Q = [ q l  0 . . .  0q2] t ,  

H = I I  0 . . .  01, 

B---- 

, 01 (cp) xh 

0 0! 
. . . . . .  0 I - - ' ~  9 

(cp) nh 
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